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Problem statement

A and B are two image distributions over Rd

The goal is to find a meaningful correspondence between A and B

1/16



Solution : CycleGan

L(F ,G ) = LGAN(F ,DB) + LGAN(G ,DA) + λLCycle(F ,G ), where

LCycle(F ,G ) = Ea∼A [‖G (F (a))− a‖] + Eb∼B [‖F (G (b))− b‖]

F, and G are Resnets
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Results
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But potentially many more applications...
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Transportation Point of View

Definition : Image measure T]α

For a measure α and a transformation T , we define T]α the image
measure of α through T by :

∀A, T]α(A) = α(T−1A)

Then the problem can be stated as :

Problem (Pb1)
Find an invertible transformation T that transports A to B, i.e. T]A = B
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CycleGAN

The invertibility condition can be relaxed : instead of learning an
invertible mapping A −→ B, we can learn a mapping F and its inverse
G .
Pb1 can be (approximately) solved minimizing L :

L(F ,G ) = Ltransport(F ,G ) + λLinvert(F ,G )

Remark
If

Ltransport(F ,G ) = LGAN(F ,DB) + LGAN(G ,DA)

and

Linvert(F ,G ) = Ea∼A [‖G (F (a))− a‖] + Eb∼B [‖F (G (b))− b‖]

we recover CycleGan !
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Ill-Posed Problem

Good results even though the problem is ill-defined :

Theorem
For any two distributions α, β, there exists an infinite number of invertible
transformations T satisfying T]α = β (and (T−1)]β = α).

Why does CycleGan even work ? There has to be some hidden
regularization !
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Optimal Transport

Not all transformations are equivalent

We want to favour those which are the most "conservative"

Idea
Introduce a cost c penalizing unwanted transformations and find an
optimal T for this cost.
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Optimal Transport

Thus, we introduce the new problem (Pb2) :

minimize
T

C(T ) =

∫
Rd

c(x ,T (x)) dA(x)

subject to T invertible,
T]A = B

(1)
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Existence and unicity

Theorem
If :

A and B are absolutely continuous w.r.t. the Lebesgue measure
Those densities are supported on a compact subset of Rd

c(x , y) = h(x − y) where h is strictly convex
then there exists a unique couple (T ,S) of transformations such that :

T ◦ S B−a.s.= id
S ◦ T A−a.s.= id
T]A = B
S]B = A
C(T ) is minimal
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Dynamic formulation

Let us take c(x , y) = ‖x − y‖2 and consider the minimization problem :

minimize
γ, v

∫ 1

0

∫
Rd

‖vt(x)‖2 dγt(x) dt

subject to
∂γt
∂t

+∇ · (γtvt) = 0,

(γ0, γ1) = (A,B)

(2)

This can be shown to be an equivalent formulation of OT.
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In order to recover a mapping, one has to follow the dynamic point-wise :

minimize
Φ, v

∫ 1

0

∫
Rd

‖vt‖2 d [(Φ·t)]A] dt

subject to ∀x , t, ∂Φx
t

∂t
= vt(Φx

t ),

Φ·0 = id,
(Φ·1)]A = B

(3)

Then the corresponding mapping T = Φ·1 solves Pb2.
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The Transport is Approximated with a Resnet

However,
∂Φx

t

∂t
= vt(Φx

t ) may not yield a analytic solution...

Recover Approximate solution by Discretizing
E.g. applying the Euler method :

Φx
t+∆t = Φx

t + ∆t vt(Φx
t )

⇒ Φx
1 is a Resnet !
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Link with CycleGAN

CycleGAN calculates an invertible transport
But there is no reason for it to be optimal
However, ResNets are used in implementing F and G

Two important stylized facts about ResNets :

A residual block can be seen as an Euler step so that a ResNet is the
flow of a learned ODE
ResNets operate in an iterative, energy-efficient fashion (weights tend
to be small)
Cycle-consistency penalty tends to lower transportation cost

Does CycleGAN implement an approximate Optimal Transport mapping ?

More generally, can the rich (and still very active research field !) OT
theory help to understand the properties of ResNets ?
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In practice

L = LGAN((Φ·1)]A,DB) + λ
∑
t

‖vt‖2

we can consider the relaxed Lagrangian optimization problem
to minimize the transport cost, we can minimize the outputs of each
residual layer vt
No need to calculate an inverse (under mild conditions, transport is
invertible), or enforce cycle-consistency.
(Φ·1)]A = B can be (approximately) solved using a GAN.
no need for penalty reverse GAN penalty, although may help in
practice
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Experiments (Work in progress...)

Show that the transport cost of CycleGAN is not far from minimal
Study the addition of a loss enforcing a transport cost
Use ODE solver to construct a new model for CycleGAN
More ideas welcome !
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